The main object of this paper is to investigate several generating functions and some integral formulas for certain classes of functions associated to the Fox-Wright functions. In particular, certain generating functions for a class of function involving the Fox-Wright functions will be expressed in terms of the H-function of two variables and new finite integral formulas of the ratios of the Fox-Wright functions are investigated. As applications, some generating functions associated to the generalized Mathieu type power series and the extended Hurwitz-Lerch zeta function and new integral formulas for some special functions are established. Furthermore, some new double series identity are considered. A conjecture about the finite Laplace transform of a class of function associated to the Fox's H-function is made.
Introduction
Throughout the present investigation, we use the following standard notations: Also, as usual, Z denotes the set of integers, R denotes the set of real numbers, R + denotes the set of positive numbers and C denotes the set of complex numbers.
Here, and in what follows, we use p Ψ q [.] to denote the Fox-Wright generalization of the familiar hypergeometric p F q function with p numerator and q denominator parameters, defined by [37, p. 4 where, (A l ≥ 0, l = 1, ..., p; B l ≥ 0, and l = 1, ..., q).
The convergence conditions and convergence radius of the series at the right-hand side of (1.1) immediately follow from the known asymptotics of the Euler Gamma-function. The defining series in (1.1) converges in the whole complex z-plane when
If ∆ = −1, then the series in (1.1) converges for |z| < ρ, and |z| = ρ under the condition ℜ(µ) > 1 2 , (see [12] for details), where
Throughout this paper, we denote by ( where, as usual, we make use of the following notation:
(τ ) 0 = 1, and (τ ) k = τ (τ + 1)...(τ + k − 1) = Γ(τ + k) Γ(τ ) , k ∈ N, to denote the shifted factorial or the Pochhammer symbol. Obviously, we find from the definitions (1.1) and (1.5) that (1.6) p Ψ q (a1,1),...,(ap,1) (b1,1),...,(bq,1) z = Γ(a 1 )...Γ(a p ) Γ(b 1 )...Γ(b q ) p F q a1,...,ap b1,...,bq z .
Generating functions play an important role in the investigation of various useful properties of the sequences which they generate. They are used to find certain properties and formulas for numbers and polynomials in a wide variety of research subjects, indeed, in modern combinatorics. In this regard, in fact, a remarkable large number of generating functions involving a variety of special functions have been developed by many authors [1, 2, 33, 4, 29, 30, 31, 32] .
In a recent papers [17] , [18] , [19] , the author have studied certain advanced properties of the Fox-Wright function including its new integral representations, the Laplace and Stieltjes transforms, Luke inequalities, Turán type inequalities and completely monotonicity property are derived. In particular, it was shown there that the following Fox-Wright functions are completely monotone: 
where A j , B k > 0 and α j , β k are real. The contour L can be either the left loop L − starting at −∞ + iα and ending at −∞ + iβ for some α < 0 < β such that all poles of the integrand lie inside the loop, or the right loop L + starting ∞ + iα at and ending ∞ + iβ and leaving all poles on the left, or the vertical line L ic , ℜ(z) = c, traversed upward and leaving all poles of the integrand on the left. Denote the rightmost pole of the integrand by γ : .
The representation (1.9) holds true only for positive values of the parameters A i and B j . A recent survey of the Fox-Wright function and its applications can be found in [14, 15, 20, 11] .
In our present investigation, certain generating functions for some classes of function related to the Fox-Wright functions will be evaluated in terms of the H-function of two variables. In order to present the results, we need the definition of the H-function of two complex variables introduced earlier by Mittal and Gupta [21] . The analysis developed here is based on the work of Saxena and Nishimoto [23] , Saigo and Saxena [24] . The H-function of two variables is defined in terms of multiple Mellin-Barnes type contour integral as 
where x and y are not equal to zero. For convenience the parameters (α p1 ; A p1 , a p1 ) and (c p2 , γ p2 ) will abbreviate the sequence of the parameters (α 1 ; A 1 , a 1 ), ..., (α p1 ; A p1 , a p1 ) and (c 1 , γ 1 ), ..., (c p2 , γ p2 ) respectively, and similar meanings hold for the other parameters (β q1 ; B q1 , b q1 ) and (d q2 , δ q2 ) , etc. Here
where α i , β j , ci, d j , e i and f j be complex numbers and associated coefficients a i , A i , b j , B j , γ i , δ j , E i and F j be real and positive for the standardization purposes, such that
The contour integral (1.10) converges absolutely under the conditions (1.14)-(1.17) and defines an analytic function of two complex variables x and y inside the sectors given by
the points x = 0 and y = 0 being tacitly excluded, for details the reader is referred to the book by Srivastava et al. [28] . The present sequel to some of the aforementioned investigations is organized as follows. In Section 2, we establish generating functions for some classes of functions related to the Fox-Wright function. In particular, certain generating functions for a class of function involving the Fox-Wright functions will be expressed in terms of the H-function of two variables. As applications, some generating functions associated to the generalized Mathieu type power series and the extended Hurwitz-Lerch zeta function are presented. Furthermore, some new double series identity are derived. In addition, we present an open a conjecture, which may be of interest for further research. In Section 3, some new integrals formula of the ratios of the Fox-Wright function are derived. In particular, new integral formulas for some special functions, such as the four parameters Wright function, the Wright function, the modified Bessel function of the first kind and the three parametric Mittag-Leffler function are established.
Generating functions involving the Fox-Wright functions and applications to the
Mathieu-types series and the extended Hurwitz-Lerch zeta function 2.1. Generating functions for some classes of functions involving the Fox-Wright function.
Our aim in this section is to derive some new generating functions for some class of functions related to the Fox-Wright functions. We first recall that a generalized binomial coefficient λ µ may be defined (for real or complex parameters λ and µ) by
, so that, in the special case when µ = n ∈ N 0 we have
Secondly, recall that the finite Laplace Transform of a continuous ( or an almost piecewise continuous) function f (t) is denoted by
Our first main result reads as follows.
Theorem 1. Let λ > 0, then the following generating function
holds true for all |t| < 1 and z ∈ R. Furthermore, suppose that the following conditions
are satisfied, then following inequalities
hold true for all |t| < 1 and z > 0.
Proof. For convenience, let the left-hand side of (2.19) be denoted by I. Applying the integral expression (1.7) to I, and we employ the formula [16, Property 1.5]
, k ∈ C, we thus get
Further, upon using the generalized binomial expansion
for evaluating the inner sum in (2.22) , we obtain the desired formula (2.19) . Now, let us focus on the inequalities (2.20). Since ξ ∈ (0, ρ) it follows that 
where σ > 0 and z ∈ C such that |z| < 1, and the conditions (H 1 ) are satisfied. Therefore, the inequalities (2.24) transforms into the form 
which holds under the conditions (H 1 ), where
.
In virtue of (2.20) and (2.27) we get the following inequalities 
or, did you express the finite Laplace transform of the above function in terms of the Fox H-function.
We will need the following Lemma which is considered the main tool to arrive at our result in the next Theorem and Theorem 3. , for all 1 − t < ρ < 1.
Proof. Upon setting the left hand-side of the formula (2.30) by J . Then, by substituting the integral representation (2.25) into J , we find that
which, upon changing the order of sum and integral and after a little simplification when we make used (2.23), yields
dξ. .
Finally, in view of (2.32) and (2.33), we get the desired assertion (2.30) of Theorem 2. holds true for all 1 − t < ρ < 1.
Proof. Making use of (2.21), (2.23) and (2.25), and then changing the order of integration and summation, the left-hand side of the result (2.35) (say K,) it follows that Now, let us put η = a = γ 1 = ν = 0, α = τ, β = 1 − λ, d = c = y = 1 and b = ρ in Lemma 1, then we have 
holds true for all |t| < 1 and z ∈ C.
Proof. For convenience, let the left-hand side of the formula (2.39) of Theorem 4 be denoted by S. Then, by substituting the series expression from (1.1) into S and applying the binomial expansion (2.23) we obtain Remark 4. If we setting p = q = 1 in the above Theorem and the same steps as in the proof of Theorem 4 we get for all λ > 0
where |t| < 1. In particular, for all λ > 0 we have
where |t| < 1. is so chosen that the infinite series in the definition (2.44) converges, that is, that the following auxiliary series: 
where ζ(s, a) is the Hurwitz Zeta Function defined by:
Proof. We make use the representation integral for the Mathieu's series [34] ,
(2.46)
We now make use of the following known formula [6, Eq. (10), p. 144]
Inserting the above result with the help of (2.46), the results (2.45) readily follows.
Corollary 1. Let α > 0 and µ > 1. Then the following formula
holds true for all |t| < 1. Moreover, the following double series identity holds true:
Proof. Letting r = √ 1 − t in (2.45) we easily get the formula (2.47). Next, setting t = 1 − 1 m , m ≥ 2 and µ = 2 in (2.47) we find , we obtain the desired formula (2.48) and consequently the proof of Corollary 1 is complete.
Remark 6. Setting in the formula (2.48), m = 2, m = 3 and m = 4 respectively, we get the following double series identities
Remark 7. If we set µ = 3 (respectively m = 4) and t = 1 − 1 m , m ≥ 2 in the formula (2.47) we obtain the following formulas
and 
..,ρp;σ2,...,σq) λ2,...,λp;µ2,...,µq (z(1 − t) −ρ1 , s, a) holds true for all |t| < 1.
Proof. In virtue of (2.56) and (2.39) we get ∞ k=0 Φ (ρ1,...,ρp;ρ1,σ2,...,σq) λ1+k,λ2,...,λp;λ1,µ2,...,µq (z, s, a) ρ1),(λ2,ρ2) ,...,(λp,ρp) (λ1,ρ1),(µ2,σ2),...,(µq,σq) ρ2) ,...,(λp,ρp) (µ2,σ2),...,(µq,σq )
Combining this with (2.56) yields to the desired assertion (2.57) of Theorem 6. Corollary 2. The following generating function
holds true for all −1 < t < 0. Furthermore, the following generating function involving the Lipschitz-Lerch zeta function L(ξ, a, s)
λ1+k,1;λ1 (e 2iπξ , s, a)
holds true for all −1 < t < 0, 0 < a ≤ 1, ℜ(s) > 1 and ξ ∈ R.
Proof. Letting p = 2, q = 1 and λ 2 = 1 in (2.57) we obtain ∞ k=0 Φ (ρ1,1;ρ1) λ1+k,1;λ1 (z, s, a)
(2.64) and consequently the formula (2.62) holds true. Finally, setting z = e 2iπξ in (2.62) we find (2.63), which completes the proof of Corollary 2.
Corollary 3. Assume that the Hypotheses (H 3 ) are satisfied. Then the following double series identities
holds true for all −1 < t < 0 In particular, the following double series identities
holds true for all −1 < t < 0, ξ ∈ R, ℜ(s) > 1 and 0 < a ≤ 1.
Proof. Upon setting λ 1 = ρ 1 = 1 and replace z by (1 − t)z in (2.62) and straightforward calculation would yield to the formula (2.67). Now, letting z = e 2iπξ in (2.67) we obtain (2.66).
Remark 8. Using the fact that Li s (z) = zΦ (z, s, 1) we get
holds true for all −1 < t < 0, ℜ(s) > 0 and z ∈ C when |z| < 1. In particular, by using some particular expressions of the Polylogarithm function we obtain for −1 < t < 0 :
Integrals formulas for the Fox-Wright function and its applications
The aim of this section is to establish certain new integrals involving some classes of functions related to the Fox-Wright function. 
Integrating both sides of the above equation over (0, x) and rearranging gives the formula (3.72). Applying the equation (3.72) with α = 1 we get the representation (3.73), , which evidently completes the proof of Theorem 7.
Let A i = B i = 1 in Theorem 7, we obtain the following integral formula for the hypergeometric function p F q [z] : The asymptotic expansion of p Ψ q [z] for large |z| has been given in the above Lemma, for more details, see [37, 38] . Lemma 2. If z ∈ C and | arg(z)| ≤ π − ǫ (0 < ǫ < π), then the asymptotic behaviour of the Fox-Wright function at infinity is given by It is easily seen from the denition (3.99) that With Theorem 7, Corollary 5 and formula (3.101) in hand, , we easily obtain the following statement.
Corollary 12. There holds the following formulas
